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SOME LARGE DEVIATION RESULTS FOR DYNAMICAL SYSTEMS

LAI-SANG YOUNG

ABSTRACT. We prove some large deviation estimates for continuous maps of
compact metric spaces and apply them to attractors in differentiable dynamics,
rate of escape problems, and to shift spaces.

INTRODUCTION

Consider a discrete time dynamical system generated by a self-map f: X O
of some domain X . Let m be a reference measure on X, and let ¢: X — R
be an observable. Suppose that %Z;’;' pof converges to some constant @
m-a.e. This paper is concerned with the rate of convergence of this time average.

More precisely, let § > 0 denote the accepted margin of error, and let
1 n—1 )
! —
;Z¢ofx——¢ >6}.
i=0

Then mB, — 0 as n — co. We wish to know if mB, ~ ¢*" for some a, or

at least if we can find a and B so that ¢’" < mB, < e*" . We are particularly
interested in exponential convergence, i.e., a < 0.

A different situation, but one that involves the same set of ideas, is the fol-
lowing: Let f be a continuous map or flow, and let A C X be an invariant set
that is not an attractor. Because of the invariance of A, if a point is near A
then its next few iterates are not likely to be far away. We are interested in the
rate of escape from a neighborhood of A. In the case of a flow, this rate also
measures the capacity of A as a barrier to transport. More precisely, we let U
be a neighborhood of A, define

C,={xeU:x, fx,..., f'xeU}

and ask if mC, ~e"".

Large deviation questions have been successfully dealt with for various sto-
chastic processes (see e.g., [E, S, V]). In the case of dynamical systems, one
does not expect nice, explicit rate functions in general, especially when the
trajectories do not have good statistical properties. One can, however, ask how

Bn={x€X:
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the exponents discussed above are related to the dynamical characteristics of the
system, and when to expect exponential convergence. In this paper we attempt
to explore these questions, and to do so in a slightly more general setting than
that of some of the existing results.

Our large deviation estimates are proved for continuous self-maps of com-
pact metric spaces. The applications we have in mind are to attractors in dif-
ferentiable systems with Lebesgue as the reference measure, to rate of escape
problems in differentiable dynamics, and to shift spaces. We obtain as almost
immediate corollaries to our main theorem some known results. They include
large deviation principles for Axiom A attractors and for certain Gibbs states
on the 1-dimensional lattice. (See [B1, BRa, D, OP1, OP2].)

This paper is divided into two parts. Part I contains the statements and
discussions of all our results along with some of the shorter proofs. Other
proofs, particularly those involving estimates of a more technical nature, are
postponed to Part II.

The author thanks M. Denker for helpful conversations.

Part I. STATEMENTS AND DISCUSSIONS OF RESULTS

Part I is divided into four sections. In §A we present our results in a general
setting, while §§B, C, and D are devoted to the application of these results to
three different situations.

A. MAIN THEOREM

In this section X is a compact metric space, f: X O is a continuous map
of X into itself, and m is a finite Borel measure on X . We think of m as
our reference measure. Let .# denote the set of f-invariant Borel probability
measures on X and ./Z, the ergodic elements of .# .

Deviation functions, when they exist, are often given in terms of ‘relative
entropies’. (See e.g., [E, DV, Or].) We formulate a version of this: Let

V(x,n,£)={yeX:d(fix,fiy)<8,0§i<n}.

We define

h,(f,x)=Ilim lim —;ll-long(x, n,e)

¢—0n—o0
and
h,(f;v)=v-esssuph, (f,x).

Note that m is not necessarily f-invariant, and that for v € ./Z,, we have for
v-a.e. x, h (f, x)=h,(f), the usual metric entropy of f with respect to v.
The topological entropy of f is denoted by hwp( .

Sometimes more uniform bounds for 4, (f, x) are needed. For that purpose
we introduce two sets of functions: 27 and 7"~ . First let C(X, R) denote
the space of continuous real valued functions on X . For ¢ € C(X, R), write
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S,p=Y"" pof . Wedefne
7 ' ={eC(X,R):3C,e>0st.Vxe X and¥n >0,
mV(x,n,e) < Ce >\
and
7 ={¢ e C(x, R): I arbitrarily small ¢ > 0 and C = C(¢)
st.VxeXandVn>0, mV(x,n,e) > Ce ™).

Finally, for ¢ € C(X, R) and E C R, we write
R(p, E) = lim llogm {15,,(0 eE}
n—oo N n

and : :
R(p, E) = lim glogm{;S,,weE} :

n—oo

All the results in this paper are derived from the following theorem.

Theorem 1. Assume h,_ (f) < oo. Then for every 9 € C(X, R) and c € R, the

Sollowing hold:

(1) R(p, (c, ) 2 sup{h,(f) —h,(fiv):ved,, [pdv>c}
(2) For ¢ €7, we have

ﬁ(q),[c,OO))Ssup{h,,(f)—/édvzuexl,/godec}.

(3) Assume f satisfies specification (to be defined below). Then for & €
7"~ , we have

R(p, (c,oo))Zsup{h,,(f)—/édy: ue/l,/(odv>c} .

top

Definition 1. f satisfies specification if for every 6 >0, 3p =p(f) € Z* s.t.
given any k points x,,...,x, € X, n,...,n, €Z",and p,,...,p,_, >
p(8), Ix e X s.t.
dif'x, f'x) <6, 0<i<n,,
d(f"*""'x, f'x,) <8, 0<i<n,,

d(fhTTIet ety fle) <8, 0<i<n,.

Discussion. (i) To prove the lower bound in (1) all we have to do is to observe
that for v € #, with [pdv > c, most v-typical points satisfy %an)x >c
for large n. For these points, mV (x, n, &) > e "/3*) and there are roughly
e" ) disjoint V'(x, n, ¢)’s. This is a sketch of the proof of (1).
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(i) An upper estimate on the “bad set” is much harder to come by since we
now have to control simultaneously all parts of X . Varying rates of decay of
mV(x, n,¢) for different x are no longer tolerated; hence we use & € 7.
Inequality (2) follows from a variational principle.

(iii) Note that if we assume [¢dv = h,(f;v), then (1) and (3) differ
primarily in that in (1) we take supremum over ergodic measures. It is easy to
construct examples to show that in general,

sup{h,,(f)—/édu: ue%,/wdu Zc}

#sup{h,,(f)—/édz/:VG/Z(,,/qoduzc} ,

and that (1) is false if ./Z, is replaced by ./ .

(iv) Suppose we try to carry out the argument in (1) using nonergodic mea-
sures, say for v = §(v, +v,), v,, v, € #,. Since [¢dv > c, all we know is
that if x, is a v -typical point and X, is v,-typical, then

1
2n
for n large. This suggests that if we can ‘glue’ the orbit segments [x,, fx,, ...,

f"x,] and [x,, fx,,..., f "x,] together, then counting the concatenated or-

bits, of which there are roughly ™™ = ¢*™  the argument in (i) will

probably go through. Specification allows us to glue arbitrary orbit segments
together to form one orbit. We have just given a sketch of the proof of (3).

(v) As will be evident in the formal proof of Theorem 1, we only need to
glue certain orbit segments together and in certain order. So the full force of
specification is not at all needed for (2).

Many of our results can easily be formulated in the space of measures without
the continuous observable ¢ . We give an example of such a formulation: Let
A denote the set of Borel probability measures on X and let d , beany one

(S,0x,+S,0x,) >c

of the standard metrics on .#Z compatible with its weak topology. The Dirac
measure at x is written J, .

Corollary 2 (Corollary to Theorem 1(1)). Suppose that m-a.e. x € X is u-
generic, i.e., %E:ol O — u, for some p €A . Then for every § >0,

1 1=
lim ;logm{xeX: d; (ZZ(SM, u) >6}
n—oo i=0
>sup{h, (f)—h,(fsv)ved, d v, u>0d}.
Both Theorem 1 and Corollary 1 are proved in Part II.

B. ATTRACTORS IN DIFFERENTIABLE DYNAMICAL SYSTEMS

Let M be a d-dimensional C*° Riemannian manifold without boundary
and consider a C’ diffeomorphism f of M onto itself. We let d(-, ) de-



LARGE DEVIATION RESULTS FOR DYNAMICAL SYSTEMS 529

note the metric on M induced by its Riemannian structure and let m be its
Riemannian measure.

Definition 2. A compact f-invariant set A C M is called an attractor if 3 an
openset U DA, U compact, s.t. fU c U and Nuso ffU =A.

Included in this definition is the case A = U = M when M is a compact
manifold. Throughout §B let A C U be an attractor. We will apply Theorem
1 with X =U, f=f|U and m = m|U. Here # = .#(U) =.#(A) and the
same is true for ./, .

Let A,(x) > --- > 4,(x) denote the Lyapunov exponents of f at x whenever
they are defined. For v € .4, ,let 4, = [ Y A’ dv where a* = max(a, 0).

Proposition 1. Let v € #,. Then h,(f;v)<4,.

There are various notions of “natural” invariant measures associated with
attractors. We recall the definitions of two of them.

Definition 3. (a) u € # is called a Sinai-Bowen-Ruelle (SBR) measure if m-
a.e. x € U is u-generic.
(b) u € A is called an equilibrium state if hu( =2 .

For attractors in general, it is not known if SBR measures or equilibrium
states exist, or if they coincide when they do exist. These questions are better
understood for certain classes of attractors.

Definition 4. (a) A compact invariant set I' C M is said to be uniformly partially
hyperbolic (abbreviated uph) if 34 > 0 and a splitting of the tangent bundle over
I" into continuous subbundles E“@® E® s.t. the dimensions of E* and E® are
constanton A and Ve >0, INe€Z" st. VvxeTl and Vun > N,

veE'(x) = |DfMv] > "],
ve EY(x) = |Dflv| < evl.

(b) T C M is called uniformly hyperbolic if it is uph and D f|E® is uniformly
strictly contracting.

(c) An attractor A is called an Axiom A attractor if it is uniformly hyperbolic
and f]A has a dense orbit.

The corresponding objects for flows are defined analogously. In particular,
if T is a uniformly hyperbolic set for the flow f, then it is a uph set for the
time-one-map f' of f'.

Theorem 2. Let A C U be an attractor.
(1) If ue A is SBR, then Yo € C(U,R) and 6 >0,

y

Zsup{hu(f)—lV:VE/ZF, /q)du—/(odu’>6}.

.1 1
lim =1 S o—
im ogm{‘ S, /(pd,u

n—oo
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(2) If A is uph and u is its unique equilibrium state, then
1
;Sn(p —/q)d,u‘ 2(5} <0.
It follows from this that u is SBR.

Theorem 2(1) follows immediately from Proposition 2 and Theorem 1(1).
Proposition 1 and Theorem 2(2) are proved in Part II.

— 1
”lLrgoglogm{

Discussion. (i) The two parts of this theorem taken together carry the following
message: Roughly speaking, (2) says that if A has some uniform expansion and
a unique candidate for SBR, then it is SBR and %S"(p converges exponentially
(meaning the “bad set” dies exponentially fast). In examples with nonuniformly
hyperbolic behavior, there often are invariant sets on which the expanding sub-
bundle is “degenerate”. (In pseudo-Anosov diffeomorphisms, for instance, this
happens on a finite set of points.) If these invariant sets support an invariant
measure v with 4, = 0, then (1) says that there exist test functions ¢ for
which 1S ¢ converges no faster than subexponentially, if at all.

(ii) Tt has been proved that uph attractors always have equilibrium states
[PS]. For attractors of Axiom A diffeomorphisms or flows, equilibrium states
are known to be unique and to coincide with SBR [B1, BRu].

Next we specialize to Axiom A attractors, but first we recall a definition from
large deviation theory.

Definition 5. Given a dynamical system f: X O with reference measure m
and observable ¢ € C(X, R) as defined in §A, we say that %Sn(p satisfies a
large deviation principle with rate function k: X — [0, oo] if

1. k is lower semicontinuous;
2. for every open set E C R,

R(p, E) 2 —inf{k(s), s € E};
3. for every closed set £ C R,
R(p, E) < —inf{k(s),s € E}.
For more information we refer the reader to [Or].

Theorem 3. Let A C U be an Axiom A attractor. Then 1S ¢ satisfies a large
deviation principle with rate function

k(s)=—sup{h,,(f)—/1uzue/[,/(pdu=s}.

Clearly k(s) =0 iff s= [@du where u is the unique equilibrium state.

The Anosov case of Theorem 3 was first proved in [OP1 and OP2], parts of
which rely on [DV]. Let us see how it follows from Theorem 1:

Proof of Theorem 3. Let j be the number of components in the spectral de-
composition of f|A. Since it suffices to prove the theorem for f’, we may as
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well assume that f|A is topologically mixing. Let ¢ = log|Jac(Df|E")|. Then
EeZ 7 NZ " . (Use the fact that stable manifolds of A foliate a neighborhood
of A together with the estimate in [B1, p. 95], or do as in §D of Part IL.) It
follows from the shadowing and topological mixing properties of f|A that it
satisfies specification. (This is also proved in [B2].) Upper and lower bounds for
R(p, [c, o)) and R(¢, (c, 00)) respectively are therefore given by Theorem 1.
To complete the proof we need to show that k as defined is the rate function.
That is straightforward, provided that we verify the upper semicontinuity of
v h,(f)—4,. Since f is Axiom A, v — A, is continuous; v — h (f) is
usc because 4, (f) = h,(f, ) for any partition & with diameter less than
the expansive constant of f. O

We do not anticipate any difficulties in proving the corresponding results for
Axiom A flows, but will not claim that here since certain modifications have to
be made to obtain the flow version of Theorem 1(3). The proof of the upper
bound goes through without change.

C. RATES OF ESCAPE FROM NEIGHBORHOODS
OF INVARIANT SETS

All notations are as in §B except that A C U is not necessarily an attractor
in this section.

Definition 6. A compact invariant set A ¢ M is_said to be maximal in some
compact neighborhood U of A if A= ﬂnez fU.

Throughout this section, A ¢ U will be a maximal invariant set, and .# =
A (U) = #(A). We define

Q= lim llogm{xEU: f'xeU,0<i<n}
and :
Q:nﬁozlogm{xev: fxeU,0<i<n},
Theorem 4. (1) Q >sup{h, (f)—A,:ved}.
(2) If A is uph, then
Q=0=sup{h,(f)- A, :ved}.
The Axiom A case of this theorem was proved in [B1].

Discussion. (i) The proof of Theorem 4 is identical to that of Theorem 2(1),
(2) together with the volume estimates in §D of Part II and will be omitted.
Notice that for the lower bound, it is immaterial whether we take supremum
over measure in ./ or in ./Z,, because for every v € # we can write

h(f) -4 = / [h,(f) - A 1dn(x)

for some Borel probability measure 7 on ./, .
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(i) To see that (2) is not valid without some conditions on A, consider
the time-one-map of the “figure 8” flow: A C R’ consists of a saddle p with
|det(D fp] )] < 1 together with its separatrices all of which are homoclinic orbits.

Clearly Q = Q = 0 since A is an attractor, but 4, (f) > 4, for the unique

element v € /4 .
D. SHIFT SPACES

Let {1,...,s} be a finite alphabet and let £ = []™ _{1,...,s} or I’ =
I'[g° {1, ..., s} be endowed with the product topology and any one of the stan-
dard metrics. Let o: X O or o: X" O be the shift operator, meaning that if
x € Z then (ox), = (x),,,, where (x), = x, denotes the nth coordinate
of x. If 4=(4,) is an s x s matrix whose entries are either 0 or 1, then
Ya=1ix el Ax,x,+1 = 1Vi} and o|Z,: X, O is called the subshift of finite
type (ssft) defined by 4. X is defined analogously.

In this section we apply the results of §A to shift spaces with f = ¢. Both
of the results here are known; the first is well known. We include them only to
show how they can be obtained as corollaries of Theorem 1.

Before proceeding further, let us observe that shift spaces have certain ad-
vantages over arbitrary metric spaces. First, specification is automatic on full
shifts, and is satisfied on X, or }:: if for some n € Z*, all the entries of
A" are strictly positive. (We abbreviate this as 4" > 0.) Also, v — h (o) is
always upper semicontinuous.

(1) Markov chains with a finite number of states. Let p = (p,, ..., p,) be
a probability vector with p, > 0 Vi and let P = (P,;) be an s x s stochastic
matrix. Let m € .#(X") denote the joint distribution of the Markov chain with
initial distribution p and stationary transition probabilities (P, j.) . Assume that
P is irreducible.

Theorem 5. Consider o: X* O with reference measure m. Then for every ¢ €
C(Z",R), 18,0 has a large deviation principle with rate function

k(s) = —sup {hu(a) +/long0'\_l dv(x): v e/%()::), /(pdu = s}

where A is the s X s matrix with
A..={1 ifpP,>0,
Y 0 ifP,;=0.
Moreover, k(s,) =0 for a unique s.
See [E or DV] for far more elaborate results.

Proof of Theorem 5. First we restrict ourselves to the ssft o: Z: ¢ where A
is as above. Note that supp(m) = L' and that Vx € £, P__ > 0. Let

)(0.\’I
=S5,8(x)

é(x) = —logl”xoxI . Since m{x, =iy,..., X, =i, }= p; e , we have
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&€ 7T NnZ ™. By considering a power of ¢ if necessary we may assume
that 4" > 0 for some 7, so that parts (2) and (3) of Theorem 1 apply to give
the rate function as claimed. The last assertion follows from the uniqueness of
equilibrium state on X, for the function —¢. O

(2) Gibbs State. Consider a physical system on a 1-dimensional lattice where
each site can be one of a finite number of states labelled 1, ...,s. Suppose
that the energy due to state / occurring some place is given by @ (i) and the
energy of interaction due to states i, and i, occuring j sites apart is given by
D,(j; iy, i,). We further assume that

def Lo
1,1, & max (@, i, )
1272

satisfies 3, j||®,||; < co. It is known that for such a system, the Gibbs state
m on X is unique and has the following characterization:
Let ¥: X — R be defined by

Y(x) = -f {cbo(xO) S X(E xoxj>} :

J#0

Then there are constants C,, C, >0 s.t.

mi{x,=1iy,...,x, =17}

0 0> > n n

Cl < e—Pn+S,,‘Pg = CZ

where z is any element in the cylinder {x, =i ,...,x, = i,y and P is a

constant called “pressure”. In fact,

P= sup (hu(a)+/‘1’du>

veEA (X)

and this supremum is attained by a unique element of .#(X), namely m. (See
[B or R} for more details.)

Theorem 6. Consider the dynamical system o: X O with reference measure m
equal to the Gibbs state as discussed above. Let ¢ € C(Z, R). Then 18,0 has
a large deviation principle with rate function

k(s)=inf{P— (h,/(a)+/‘l’du) :VG./Z(Z),/q)du:s} .

Moreover, k(s)=0 iff s=[opdm.

Proof. Set &(x) =W¥x —P. Since £€Z " NZ ™, Theorem 1 applies. O
Theorem 6 holds (with the same proof) if X is replaced by X, for irreducible

A . 1 first learned of this result in [OP1]. In [D] there is an independent proof.

Their methods are quite different than ours. See also [C, FO and O1] for some

more general large deviation results for Gibbs states on Z° .
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Part II. PROOFs

A. PROOFS OF THEOREM | AND COROLLARY 1

Proof of Theorem 1(1). Pick v € #, with [¢dv > c and let B, = {x €
X: 1S ox >c}. We need to show that

lim logmB, > h,(f)— h, (V).
n—oo n
Firstlet § = 1(f ¢ dv—c) and choose e, >0st.d(x,y)<e=|px—py|<d.
This implies that if 1S ¢x >c+4d,then V(x,n,¢,) C B, .

Let y > 0 be an arbitrarily small number. Let N(n, ¢, b) be the minimum
number of points needed to (n, ¢)-span a set of v-measure b. Choose ¢,
O0<e <gp, st Ve<e,

li_m%logN(n,%, %) > h(f) -7,

and choose ¢&,, 0<e¢, <g,s.t

3

(We have implicitly assumed that 4, (f; v) < oo here. If &, (f; v) =00, then
there is nothing to prove since 4, (f) < hwp( fl<oo.)
Now we choose a measurable set I' C X with vI" > % and a positive integer
N s.t. Vx eI and Vn > N, we have
(i) 1S ¢ox>c+4d and
—(h,, (fiv)+27)n .

u{x: n@o—%long(x, n,sz)shm(f;u)+y} > E

(i) mV(x,n,e) >e

For each n, let & be a maximal set of (n, 2¢,)-separated points contained
in I'. Then N, V(x,4e,,n) D ' by maximality of &, and so |& | >

N(n,4¢e,,3). Also, x£2y €& =V(x,n,e)NV(y,n,¢e)=¢. Thus

.1 .1
ll_mzlogmBn > l@;log Z mV(x,n,¢e,)
x€&,
.1 - )2y
> lim - log| & e~ " T
which gives the desired estimate. O

Proof of Theorem 1(2). Let B, = {x € X: %Sn(px >c} andlet E€ 7. We
need to produce a v € # with [pdv >c s.t.

m%logmBn <h,(f) —/édz/.

Let C and ¢ be st. Vx € X, mV(x, n,¢) < Ce . For each n, we

let &, be a maximal (n, ¢)-separated set contained in B, . Define probability
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measures
_ 4 Z -S,8xd,
" xe&,
where se
—S,¢&x
Z, = Z e
x€&,
and
1 n—1 )
—i
= Z g 0f .
=0

Let v be a weak limit of u, . Clearly v € # . The usual proof of the variational
principle for pressure (see e.g. [W, p. 220]) gives

mllogz,, shy(f)—-/édu.

Since u,, is a linear combination of measures of the form 1 Z, 0 f . XEE

and !
1! 1
Jeo(i ) roeae

we have [¢dv > c. Finally since B, cJ V(x,n, &), we have

x€&,
lim — 1 logmB <Tim— Z mV(x,n,¢)< llmllogZ .0
er

Proof of Theorem 1(3). Fix £€ 7"~ . Let B, ={x € X: 1§ ¢x > c} and pick
an arbitrary v € # with f ¢ dv > c. We will prove that

lim — logmB >h,( )—/édu—4y

for any preassigned y > 0. The proof comes in two steps. Step I consists of
approximating v by u € .# sothat u =3 au;, Y a,=1, u,€ 4, . Step Il
is to estimate mB, in terms of A (f)— [&du.

Let 6 = 3(f ¢dv —¢). To choose u, we pick &, >0 s.t. V1,, 1, €4,

| [odt, — [edT,)| <4,
d/(‘rl,rz)<80=>{ |f§dT1—fde2|<7.
Let # ={P, ..., P,} beapartition of .# with diam & < ¢,. Corresponding
to v € A4 , there is a Borel probability measure 7 on £ st. n#, =1 and
[Ydv = [([¥dr)dn(r)V¥ € C(X,R). Let a, = nP, and pick u, € P.N.4,
s.t. h (f) >h(f)—y for m-ae. T€P,. Itlseasytocheckthat u= Z
satlsﬁes J&du>c+30 and h,(f) - féd,uzh,/ - [&dv -2y.
To obtain a lower bound for mB, , choose & > 0 sufficiently small and N
sufficiently large that the following hold.

111
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Ldx,y)<e=|px —py| <4,

2 Vn> N and 1 <i<k, 3 atleast ¢“""«"")([a,n], 4¢)-separated points
xf') Y s "' with the property that v,

i

(a) S[a,,,léx,’_ <lanl(f&du, +7),
(b) Sy nox,” 2 [an(f pdu, —26).

For each k-tuple (j,,...,J.), 1 <Jj, < n,, let y =Y. € X be chosen
so that it shadows the orbit segments [x(l fx f {an] .., and
[xj(f), Fxlk " f[”*"] "1 up to & with time lag p =p(e) in between (See
the deﬁnltlon of spemﬁcatlon in Part I, §A.) Let 72 = (k — 1)p + _,[a;n].
Then clearly, V(y, 7, €) C B, for sufficiently large #, and for (j,, ..., j,) #
Urseees i) Vv, i, e)n V( 71, ¢e) = @. Count up the measures of these

sets as in the proof of (1). O

Proof of Corollary 1. Let ¢,, ¢,, ... be a countable dense subset of C(X, R)
with |p,| =1 and define d ; by

oo

d v, vy) = Zz,lv((p) vy(p,)l

where v(¢p,) = [¢p,dv. Pick v € #, with d (v, u) > &, and write J =
Lyt 6 ) We need to show that

lim + logm{x € X: d 78, 1) > 8} 2 h,(f) = hy(f3 ¥).

Define .
o] ifv(e) 2 ule),
' —9; if V(¢,') < /‘(?,‘) .
Let ¥ = 5°°%° Then v(¥) — u(¥) > 6. Apply Theorem 2(1) to ¥. It

=1 2' .
remains to verify that Vx € X, if |15, Wx — u(¥)| > 6, then d (., u) > 9.

This is true because

n > l n, ~ ~
d 60, 1= 19:9.) = w(g))]
i=1

> |61(¥) - u(¥)|. O

B. VOLUME ESTIMATES

This section is devoted to some geometric estimates near hyperbolic or par-
tially hyperbolic fixed points. They are probably quite obvious to readers fa-
miliar with graph transform type estimates. Unless declared otherwise, |-| in
this paper refers to the norm that is most natural to the setting in question—
assuming there is one. So for instance, for v € R” |v| refers to its Euclidean
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norm, whereas for v € T, M, |v| refers to its norm as defined by the Rie-
mannian metric on M .

We fix some notations. Let R”(r) = {x € R”: |x| < r}. For the rest of this
section, p and g € Z* are fixed and R(r) = R’(r) x R%(r). Consider a map
F: R(r) — R” x R?. The graph transform by F from R(r) to R(s), written
['=T, (F), is defined as follows: Let g: R”(r) — R%(r). We say that I'g is
well defined if it is a function from R”(s) — RI(s) satisfying

graph(I'g) = F(graph(g)) N R(s) .
Other notations we use include: L(R”, R?) = the space of linear maps from
R’ to R, L(R’) = L(R”,R?); for Le L(R”,RY), |L|| = max,_, |Lx| and
m(L) = min|x|=l |Lx|. Also, T(graph(g)) refers to the tangent bundle over
graph(g) viewed as a submanifold of R(r).

Lemma 1. Let p, g € Z" and A > 0 be fixed. Then for all sufficiently small
e>0, 3r=1p,q,4,¢) >0 and 0 = a(p,q, A, e) > 0 s.t. whenever the
Sfollowing scenario occurs, the stated conclusion holds:

Scenario. F: R(r) » R’ xR? isa C' diffeomorphism onto its image, r is any
positive number, and F satisfies

(a) FO=0,

(b) Lip(F — L) < t for some L € L(R"™) of the form L = L, & L,,
L eL(®R), L,e LR, m(L)>é", |L,|<e.

Conclusion. If g: R°(r) — R%(r) is a C' function with |gO|
|Dg| <o, then Tg =T, .g is well defined and satisfies [Tg(0)|
|DI'g| < o . Moreover,
o~ < [Jac(DF|T(graph(g)))| _ 2
|det L, | -

r/2 and
ze~ and

IAIA

Proof. In this proof, P will always denote a p-dimensional subspace in R**7 .
We write |P| = ¢ if P = graph(h) for some h € L(R”, R?) with ||h||=0.
First we choose 7, >0 s.t. if Le (R°*) iss.t. |[L-L| < 7, and |P| <1,

then
—¢ _ |detL|P| _ .
I ¢ < et LIP] e
1) S ldetz)p| <¢
Next we choose g >0 s.t. VP with |P|< g,
- det L|P| €
2 e o [detLIP| .
(2) ¢ = |det L,| =€
Now it follows from standard graph transform estimates (see e.g., [HPS))
that given 4, &, o, 37, >0 s.t. if Lip(F — L) < 1,, then I'g is well defined
and has the desired properties.
Take t = min(z,, 7,). To check the last assertion, fix x € graph(g), write
P =T graph(g),let L =DF_anduse (1)and (2). O
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Remark. Lemma 1 says that whenever F is sufficiently near a linear map L
with some hyperbolicity properties, then F has good graph transform estimates.
It is important to note that except for the last assertion in the lemma, these
estimates depend only on the strength of hyperbolicity of L and not on L
itself. Also, we do not require that DF, = L.

Next we write down exactly how Lemma 1 will be used. Let r,, r\, ..., r, .,
be positive numbers and for 0 < i < n, let F;: R(r;) — R°™ be maps fitting
the Scenario in Lemma 1, i.e., there exist linear maps L, € L(R”"¥) with
L =L, &L, ,, all satisfying the estimates in Lemma 1 with the same 1 and

¢ etc. We write F' = Fo---oF,. Let T'; be the graph transform I', | l(F,)

1

if it is defined and write T = [, o---oI} . For the rest of this section m, will

denote /-dimensional Lebesgue measure, be it on R’ or on some /-dimensional
submanifold in R¥ L k>1.
Let

U={xeR(ry) xR (4rp): FIxe R(r, ) x R'(4r,, ), i=1,...,n}.
Lemma 2. (1) Let 1, = roe'is. Then 3b, = b (p) and k, =k,(p, q) s.t.

-1
n
m, U >brg™ [H|detL,..l|] e hm
i=0
(2) Let r, =ry¥i. Then 3b, = b,(p) and k, = k,(p, q) s.t.

-1
n
k,
m,, U< by []‘[ | et L,.,,|] e
i=0
Proof. For w € R(ry), let g": R’(r;) — R’(ry) be the constant function
gl =w.

(1) Consider w € RY(4r,e . Using Lemma 2 we check inductively that
forall i <n, I'g" makes sense and [I"g"(0)] < ir,-e”® =1Lr,. Let C)' =
(F™)" ' graph(I""g") . Then

—3ns)

m,C, > min (| Jac(DF"|graph(g")|™") - m, graph(I"g"))
we "'

n -1
> b, [HldetLHq e_ze"ri for some b, = b,(p)
i=0

-1
n
~ ) _
b, [HldetLi'd] e g
i=0
Integrating over w € R?(3r- e7>"), we get the desired lower bound.
(2) Let 4 = {w € R(ir,): graph(I"g") C R"(ry) x R¥(31y), i =1,...,
n}. Then U C UU,GA(F")_'graph(l"'g“’). We estimate mpC:,” as above (as-
suming ¢ < 1) and integrate over w € A. O
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C. PROOF OF PROPOSITION 1
Let v € #,. We need to show that

lim lim —llong(x n, s)<l

&' —Qn—oo

for v-a.e. x. Our strategy is to make use of the so-called Lyapunov charts and
to apply Lemma 2(1) to the induced maps between these charts.

Let A’ C A be a measurable set with A’ = 1 and such that every x € A’
is regular in the sense of Oseledec. For x € A’ let E“(x) be the subspace of
T .M corresponding to those 4.(x) with A,(x) >0, and let E“(x) correspond
to those 4,(x) < 0. Let 4, > --- > 4, denote the Lyapunov exponents for
v-typical points, and let p = dimE", ¢ = dimE®” wv-a.e. We choose A s.t.
0 < A <min{4;: 4, > 0}, and as in the last section write R(r) = R’(r) x RI(r).

We now describe some changes of coordinates that are standard in nonunin-
form hyperbolic theory. For more details we refer the reader to [P] or to the
appendix of [LY].

Let ¢ > 0 be an arbitrarily small number that is ﬁxed throughout. Then
associated with v-a.e. x there is a chart @ : R(/(x)" )—» M where [: A —
[1, oco) is a measurable function satisfying /( f ix) < efl(x) v-a.e. These charts
have the following properties:

(i) @, is a diffeomorphism onto its image; ® (0) = x; D(® )(0) takes
R’ x {0} and {0} xR? to E"(x) and E“(x) respectively.

(i1) Let fx be the connecting map between the chart at x and that at fx,
ie., f = <I>;\,l o fo® , defined wherever it makes sense. Then

ID((fx)(0)v] > e*|v| Vv e R’ x {0},
ID(f)(0)v| < elv| Vv e {0} xR,

and

o |4t D)NOR x (0] _
< 4

(i) Lip(Df,) < I(x),
(iv) Vz, 2 e RU(x)""),

K 'd@®.z,® z)<|z- 2| <I(x)d(®,z, D, 2)

for some universal constant K .

Let ¢ > 0 be given. We choose 7 = ©(p,q,4,¢) asin Lemma 1. Shrink
7 if necessary so that 7K < s'. By property (111) above, the following is true
for v-a.e. x: if |z| < 7Tl(x )~', then |D(f D(f )(0)] < 7, so that when
restricted to R(‘cl(x)_l) we have Llp(fx D(fx)(O)) <r.

Now we fix a v-typical x € A’ and apply Lemma 2(1) with ro=tl(x)" 'e
and F, = ff: for i = 0,1,...,n. Let U be as in that lemma. Then in

—lie
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R(ry) = R(zl(x)™"),
m U >b (‘Cl( ) )p+q n(—4, )e—k]ns

for some b, = b,(p) and k, = k,(p, q). It remains to bring these estimates
back to the manifold via ®_. By property (iv), we have
!
dUCV(x,n,tK)cV(x,n,e)
which gives
mV(x, n, 6/) > Cxen(—A"—(k]H)s)

for some constant C, depending only on x. O

D. PROOF OF THEOREM 2(2)

Here we assume that A C U is a uph attractor and that g is its unique
equilibrium state. We claim that it suffices to prove the following:
(a) Every & € C(U, R) with ¢ < log|Jac(Df|E")| on A isin 7",
(b) v~ h,(f) is upper semicontinuous on .# .

To see that it is sufficient to prove (a) and (b) we observe that (a) together
with Theorem 1(2) gives the upper bound

(o (fosn-s. [ronss))
Ssup{hu(f)——luzue/[, —/(pdu 25}.

Suppose the right side of the above inequality was zero. Then v, € #,
| [odv,— [edu|>d,st. h, (f)—/l 10. Let o be an accumulation point of
the v, ’s. Since log|Jac(Df |E )| is a continuous function, 4, — 4, . But then

(b) would imply that ,(f) = 4, , contradicting the unlqueness of equilibrium
state. It remains to verify that /1 is SBR. Let ¢ € C(U, R) and define

1 1

ZSnQJX—/q)d/l > E} .

Then for fixed k, our large deviation estimate tells us that E:’;l mA, , <oo.
Using the Borel-Cantelli lemma and letting k — oo, we have 1S ox — [pdu
for m-ae. xeU.

We now proceed to prove (a). Let ¢ be a continuous function on U satisfy-
ing & < log|Jac(Df|E")| on A. We fix 4 >> ¢ >0 with ¢ bounded above by
something to be explained later. The definition of a uph attractor guarantees
that 3N € Z" s.t. Vx €A,

veE =>|Df vi>e|v|
veE" (x)=>|Dfx v| < ef|v].

Ak,n={x€U:

We will be working exclusively with f N so for simplicity let us assume that
N=1.
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Since we are concerned with the decay of mV(x, n, ¢) for m-a.e. x e U,
we must prove volume estimates that apply not only to x € A but to all points
in at least some neighborhood of A . First we extend E and E® continuously
to a compact neighborhood U’ of A—without requiring that these subbundles
be D f-invariant off A. Then we deﬁne charts for x € U’ . Let E/(x)={ve
E"(x): |v]| <r}, E’(x)={veE(x): |v] < r} and E'(x) = E'(x) x E(x).
We define f : E (x) — Tf,\-M by fx = expfx of oexp, and fix r > 0 small
enough that everything makes sense whenever x, fx € U'. Let p = dimE",
g =dimE®.

Choose A" st. 0 <A <A andlet & =2¢. Let 1 =1(p,q,4,¢) and
o =0(p,q,4,¢) be chosen as in Lemma 1. (Here E and E® are not
perpendicular, but since the angles between them are uniformly bounded away
from 0 on U’, a slight modification of Lemma 1 holds.) Let r >0 be small
enough that Vz € A, Lip(f, — Df,(0)) > § when restricted to E,(z).
Lemma3. 39, r,>0stVxeU,if3zeA std(x,z)<d and d(fx, fz) <
d, then f;|E,0(x) satisfies the scenario in Lemma 1 with respect to E"(x) @
E®(x), A, ¢ and 1.

Proof. Given a pair x € U, z € A as above, our strategy is to choose two
linear isomorphisms 4 : T M — T,M, h,: foM — szM with hiE“ = E",
hE“ = E¥, | l 2, so that if f : T .M — T, M isgiven by f =

S o f oh,,then f _ isnear f . Wethenlet L = Df (0) and show that
an(f L)<

First choose 5 > 0 s.t. whenever d(x, z), d(fx, fz) <d then
(i) Lip(f,. - Df,.(0)) < 21/3

on E,O for some r, < r'. This is possible since fxz differs from fz by two

linear changes of coordinates, which can be arranged to perturb things as little
as we wish by choosing 6 small.
Next we shrink J if necessary so that if d(x, z), d(fx, fz) < ¢ and

L, gef Df._(0) = L, ,®L,, respects E'(x)® E”(x), then m(L, |) > e,
IL, ,ll <€ and

(ii) Lip(f, - f, ,)<1/3 onE, [(x).
Putting (i) and (ii) together we have Lip( f -L)<tonkE, (x) This completes
the proof of Lemma 3. O

Let k, = k,(p, q) be as in Lemma 2(2). Earlier on we should have assumed
that ¢ is sufficiently small that ¢ < log|Jac(D f |E")|—2k28 on A and we should

have chosen J sufficiently small that L  in Lemma 3 satisfies |det L | >
e{(x)+k26'

Let U, = f'U, n=1,2,.... Then fU, C U,. Let U" = U, for some
sufficiently large n that (i) U” c U’ and (ii) Vx € U”, 3z € A s.t. d(x, z),
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d(fx, fz) <6 where 6 isasin Lemma 3. It suffices to estimate mV (x, n, r,)
for x € U". To do that we apply Lemma 2(2) to

E)LE (L~ E (/%)

where each f/, is near its corresponding L Ix Note that there need not be
any z € A shadowmg the orbit of x, and that the maps L i are in no way

canonical; they serve only to force some estimates on f/, . Lemma 2(2) tells us
that

-1
n !
mV(x,n,ry) < b,rd™ [H|detLﬂ‘l|] " < bt
i=0 '
This completes the proof of (a).

To prove (b) we will show that given ¢ > 0, 39 > 0 s.t. if & is a partition
of A with diam&% < ¢, then for every v € 4, h, (f,P) > h (f) — €.
This together with the fact that limh, < h (f, ) for every finite partition

& with v(0%) = 0 and every convergent sequence v, — v gives the upper
semicontinuity of v — & (f).

As before we assume that for some arbitrary small b > 0, we have for all
x €A, |Dfv] > e'v| Y € E“(x) and |Df.v| < e’lv] Yo € ES(x). We
will use the charts fx: E (x) — E (fx) defined in this section. The following
lemma is standard in stable manifold theory (see e.g., [HPS]):

Lemmad. 30 >0 s.t. VxeA,

Wy (x) € {y € Eg(x): frio---0 [y € E;(fy) Vi > 0}

is the graph of a Lipschitz g.: D, — Ej(x) for some D . C Ej (x). Let
W, (x) = exp, W(x). Then fWy(x) € W;*(fx), and for & sufficiently
small, Lip(f|W{*(x)) < e YxeA.

Choose b = ¢(2-dimE®)™" and let P be a finite partition with diameter
< 0. Then following Theorem 3.5 of [B3] we have Vv € A ,

h,(f) S h,(f, P)+hs(f)

where

hs(f) = SUph(f, N Vix, n,é)) ,
XEA n>0
e |
h(f, A)= ;gg)”lggo;logrn(A, ?)
and r (A, y) is the minimum number of points needed to (n, y)-span A. Here,

h{f, (V(x,n, &) | <dimE® - |suplog” Lip(f|W; (f"x))| <&. O
n>0 o

n>0
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Added in proof. It was brought to our attention after this manuscript was com-
pleted that there is some overlap of our results with those in [T].

[B1]
[B2]

[B3]
[BRa]

[BRu]
8]
[D]
[DV]
[E]
[FO]
[HPS]
[LY]

[01]
[Or]

[OP1]
[OP2]

[P]
[PS]
[R]
(S]
vl

(W]

(T]
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